HARMONIC ANALYSIS AND SIMULATION
OF
HOMOGENEOUS STOCHASTIC FIELDS

M. Shinozuka®™ and T. Harada®

1986 (1st Edition)
2021(2nd Edition)

1. Renwick Professor of Civil Engineering, Department of Civil Engineering

and Engineering Mechanics, Columbia University, New York, NY.

2. Visiting Research Scientist, Department of Civil Engineering and
Engineering Mechanics, Columbia University; Professor, Faculty of
Engineering, Miyazaki University, Miyazaki, Japan (1986).

Professor Emeritus of University of Miyazaki, Japan (2018).

Email:harada@eerc.co.jp



CONTENTS

Introduction e o o o e o o e o e e e e e o e e o e e o e o o o o 3
Spectral Representation and Simulation of Bi-Variate

One-Dimensional Stochastic Fields =« « ¢ « ¢ ¢« ¢« 0 0o 00 v 5
2.1 Complex Valued Stochastic Fields « + « = ¢ « = ¢ ¢« o o o 5
2.2 Real Valued Stochastic Fields =+ = =« ¢ =« ¢ o 0 o0 v 8
2.3 Simulation Method + = = = = ¢ = ¢ o e e e e e e e 11

Spectral Representation of Bi-Variate Two-Dimensional Stochastic

Fields ............................ 16
3.1 Complex Valued Stochastic Fields = = = =« « ¢ ¢« o o o - 16
3.2 Real Valued Stochastic Fields + ¢ ¢ ¢ ¢ ¢ ¢ ¢ o o 000 v e 21

Simulation MethOd ...................... 23

Time-Space Stochastic Fields « = = = = = ¢« o o 00 e e 0o v e 33
5.1 Second Moments of Time-Space Stochastic Fields « « « + - - 33
5.2 Spectral representation of Time-Space Stochastic Fields* « = 40

Numerical Examples = = + + ¢ ¢ = = ¢+« o o 0 0o e . 45
6.1 Simulation Examples =« + =« ¢« ¢ ¢« ¢ ¢ o e o0 e <o 45

6.2 Ground Deformation Using Seismic Array Observations * + 48
6.3 Spatially Two-Dimensional Homogeneous Non-Stationary

StochasticWave » + + = = + = o+ o o o o ot v o v o v o 53
Estimation of Spectral Density Function + + + « = < « = « « . 57
7.1 Bi-Variate, One-Dimensional Case * + + = = ¢ « « « ¢ « « « 57
7.2 Bi-Variate, Two-Dimensional Case « = « + = ¢ ¢« ¢ ¢ ¢« « 60
7.3 One-Variate Time Space Ground Surface Array Data * * * -« - 64
SUMMATY * * * = = * # = * + o s v o o s vt 79
Acknowledgement =+ + = + ¢ ¢+ s s e e e e e e e e 73
References = + + « + + = = + o o o o o o o b e e e e e e e 73



1. INTRODUCTION

In this paper, a spectral representation of stochastic fields is given in a
form that is convenient for their simulation or digital generation of their
sample functions. In a previous paper, Shinozuka and Jan (1972) discussed a
simulation technique of multivariate multi-dimensional homogeneous as well
as nonhomogeneous processes which represent frozen patterns of stochastic
waves propagating in the direction specified by the wave number vector
located in the first or last quadrant in an n-dimensional rectangular
Cartesian coordinate system for wave numbers. The wave numbers are
positive (negative). In this sense, the fields simulated by Shinozuka and Jan
are not consistent with the general spectral representation of stochastic
processes, although their simulated stochastic fields satisfy the target power
spectral density (or correlation) functions. A revised version of the simulation
technique was published by Shinozuka (1985) to satisfy this situation. The
present paper provides a more detailed analysis in this direction.

The present paper also discusses how time space stochastic processes or
stochastic waves, can be characterized within the framework of a second order
analysis. Tn this connection, the numerical examples involving seismic array
records in Taiwan (SMART-1) are worked out. Finally, brief account is made
in this paper as to how the spectral density functions of bi-variate two

dimensional stochastic fields or stochastic waves can be estimated from a set
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of data in a finite region. Although the present study restricts itself to bi-
variate two dimensional cases for simplicity, the results may be easily

extended to multi-variate multi-dimensional cases.



2. SPECTRAL REPRESENTATION AND SIMULATION
OF BI-VARIATE ONE DIMENSIONAL STOCHASTIC
FIELDS

2.1 Complex Valued Stochastic Fields

In the harmonic analysis of stochastic fields, it is convenient to consider
the fields to be complex-valued. Real-valued stochastic fields can be treated
as a special case of complex-valued fields.

The complex stochastic fields f(z) and g(z) can be defined such that

() = 1) + i) 01D
o) = V() + ig®(2)

where is i =+/—1the imaginary unit and the functions f"(z), /¥ (z),¢"(z)

and ¢®(z) mean real stochastic fields as functions of the space coordinate

. The expected value can be defined as

Elf(x)] = E[f"(2)] +iE[f*) ()] (2.1-9)
Elg(z)] = Elg" ()] + iE[g* (2)

where E[s] means the expectation operator.

If the fields are homogeneous with zero mean;
E[fY(2)] = E[f*)(2)] = Elg"(2)] = E[g® ()] =0 (2.1-3)
Then, the covariance function matrix can be defined as
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(R R,©
BO=r0 r,©

(2.1-4)

*

(z) = [V (z) —if () .

where f*(x) denotes the complex conjugate of f(z); f

From Eq. (2.1-4), it can be shown that the covariance function satisfies the

following condition:

R, (€) = R (=¢) (2.1-5)
where j denotes f or g and so does k; this notation will be used
throughout.

The stochastic fields f(z) and g¢g(z) can be represented by the

following integrals:

flz)= j eidef(hc), g(z) = 7 ei”‘rng(/@) (2.1-6)

where dZ f(ﬁ;) and qu(/ﬁJ) are the orthogonal increments satisfying the

following conditions (Yaglom (1962, 1973)):

EldZ (k)] =0
o(k — /i')dij(/f') j=k

E[dZ (k)dZ, ()] = (2.1-7)
§(k — k") Re dij(FL/) o

j=k

Im dij(/f') =0

4R, (9

i = S



where ¢(x) means the delta function and Re(s) expresses real part. For
k=K', 8(k—k)=0 and f 8k — K')dF, (k') = dF, (r).
Substitution of Eq. (2.1-6) into Eq. (2.1-4) and use of Eq. (2.1-7) result in
Ry(§) = + &k ()]
- e e FldZ (k)dZ, (k)

i(k—k" )z iK€ / / (21-8)
e e"™(k — K )dij(K) )

- f e"dF, (s

If dr, (k) is differentiable, then the integral of Eq. (2.1-8) reduces to:

|
8%88%8 E
8%8g'%8 8

R, (&) = f ¢S ()drs (2.1-92)

The inverse transform gives S, (x) in terms of R, (£):

o0

§ () = % R (€)de (2.1-9b)

Eqgs, (2.1-9a) and (2.1-9b) represent the well-known Wiener Khintchine

transform pair.

When j =k, then Egs. (2.1-9a) and (2.1-9b) reduce to

R (&) = f ¢S (k)
- (2.1-10)
1 T —1K

i) =5- “R,(€)d¢



spectral density function of j(z) with R (¢) =R (=€) and S, (k) =S (-r).
2.2 Real Valued Stochastic Fields
Consider that the complex valued increment functions dﬁ}k(m) and

dZ].(m) introduced above are represented in terms of orthogonal increments

such that

| —

dF, (k) = = (dF) () — idF ) (k)
(2.2-1)
dZ (r) = =AUV (k) —idU P (k)

J J

N |

where the functions dl?%),dlg.(]f),dU;D and d U;.Q) are real-valued.
Substitution of Eq. (2.2-1) into Eq. (2.1-7), we obtain the followings;
EldUY (r)) = EldUP(x)] = 0 (2.2-2a)

and

E[dZ,(k)dZ, ()] =

IS

(2.2-2b)

From Eq. (2.2-2b), the increment real valued functions dITJ%),dE]%),dU](.U and

dU;g) must satisfy the following equations;



= 8(k — &")dF(r")
J
E[dUW (s)dU (v')] = —E[dU'? (x)aU" (v')] (2.2-2¢)
_ o(k — /ﬁl)dF;.(;)(K,/) j=k
0 j=k

Substitution of Eq. (2.2-1) into Egs. (2.1-6) and (2.1-7) yields the
following alternative expressions for Rjk(f) and j(z):

(o]

R, (&) = % f (cos Hfdﬂ%)(h}) + sin mgd}?};)(/ﬁ))
- (2.2-3a)
+ z% f (sin /igdf'}(]i)(lﬁ) — cos mﬁdFj.(]?)(/f))

— 00

and

j(x) = % f (cos ﬁﬁde(.l)(m) + sin Iide§2)(I€))
“ed (2.2-3b)

1
+Z§ f (s1n/<o§dU§.1)(/<e) —cos&ﬁde(.Q)(/ﬁs))

— 00

For real valued stochastic fields, the imaginary parts of Rjk(g) and

j(z) in the above equations must be zero. This requires that,

AF (=) = dFP(w),  dFD (k) = —dFD ()

)(—/4;) = de(,l)(/i), dUéQ)(—/i) _ —dUg.Q)(/i) (2.2-4)

S
S
5

Eq. (2.2-4) implies that the real part of dij(m) and de(li) are even

functions of wave number, while their imaginary parts are odd functions of

wave number. Therefore, for real valued stochastic fields, the complex valued

increment functions dF].k(m) and dZ].(/i) must satisfy the following

conditions:



dF, (—r) = dF) (k)

: (2.2-5)
de(—/i) = de (k)
Using the above conditions, Egs. (2.2-2) and (2.2-3) reduce to
R, (&) =RP(©) = f (cos wEdFY () + sin kgdF () (2.2-6)
0
and
j(z) = jV(z) = f(cos li.’EdU(l)(li) + sin Iide;Q)(li)) (2.2-7)
0

It is not hard to derive Eq. (2.2-6) from Eq. (2.27) in conjunction with Eq.
(2.2-2¢). In fact,

RY(©) = E[V(@ + Ok (@)]
cos k(z + &) cos nmdU(l)( ) +

X
sink(z + &) sin m:dU( (k)
cos lildelg (k') + sin k de;(f)(’f/)

JFW (2.2-8)
7 [SinH (z + §)sinrx i (F)+
B sin k(z + &) cos kx
0 F2
[cos k(z + €)sinkz i (%)

f cosn&dF —|—s1n/<c§dF o)
0

Especially when j =k, then from Eqgs. (2.2-6) and (2.2-2¢),
Mgy — pM_ @) (1) — .
RY(€) = R)(=¢), dF? (k) =0 (2.2-9)

Hence, Eq. (2.2-6) reduce to

o0

R](]l)(f) = fcos /ide]g.l)(n) (2.2-10)
0
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If dFygl)(H) is continuous, the power spectral density function S ff(ﬁ;) can be

defined from Eq. (2.1-7) such as

) _ 1% =8 (k) — dFY(k) =25 (k)dk (2.2-11)
dk 2 dk 7 g Jj )

Substituting Eq. (2.2-11) into Eq. (2.2-10), we obtain

RU(¢) = 27 cos KES (k) (2.2-12a)
0

The inverse transform gives S (k) as

[e¢]

S].j(/i) = %fcos /ﬁ&jol-)(g)df (2.2-12b)

0

From Egs. (2.2-9) and (2.2-12b), jol,)(f) and S (k) are even functions, then

Eqgs. (2.2-12a) and (2.2-12b) can be also expressed as

o0

Rj(jl.)(ﬁ) = f cos KES (K )k
o (2.2-13)

S;(k) = i f cosmﬁRg)(ﬁ)dg

It is noted here that the above equation is the real part of the Wiener

Khintchine transform pair of Eq. (2.1-10).

2.3 Simulation Method

We now consider the simulation method of the homogeneous stochastic

fields f(z) and g(z) under the condition that the power spectral density

function S (k) 1s specified such that
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Sy(r)

= s, 0

, S,(R) =8, (x) (2.3-1)

S 1o (k)
Sye(5)

Since the power spectral density function matrix constitutes the Hermitian
and non-negative definite matrix (Yaglom (1962)), Eq. (2.3-1) can be
decomposed as

a, 0
Ayy Qo

| a

0 a

P a.a,
1 11%:1 i
] ) ) (2.3-2)
g0 |4y [+ [ ay, |

* *
Gpp oy |
21 —

22

where a; can be obtained by equating Eq. (2.3-1) with Eq. (2.3-2) such that
a, =l a; | el — [g () i)
ay = ay, | elon(®) — —| ng(,{) |ei(wl(ﬁ)+a21(ﬁ)) (2.3-3a)
ff('%)

2
a,, =| a,, | &%) = Sy (K5, (k) 1 5, () | oW (#)
22 1 %92 S ()

(2.3-8) where Y, (k) and 1),(k)are arbitrary phase angles and

1

@, (k) = tan" (2.3-3b)

Im(S, ()
Re(S,, (1))

On the other hand, the covariance of the orthogonal increment dz, (k)

is given by Eq. (2.1-7), that is

E[dZ,(k)AZ (k)] = S (r)dr
E[dZ,(r)dZ, (k)] = S, (k)dr (2.3-4)
EldZ (r)dZ, (k)] = S, (k)dx

Comparison of Eqgs. (2.3-2) and (2.3-4) motivates the introduction of a new
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definition for the orthogonal increments dZ f(FL) and ng(FL) to efficiently

express the orthogonal increments in terms of the power spectral density

functions as follows:

Zgg:i _ ZZ;E:; +dZ, (r) (2.3-5a)
where

EldZ,(r)dZ, (v)] = EldZ ,(r)dZ, (k)] = 0 (2.3-5Db)
and similarly

42, (1) = %(dU}})(n) —idUD () ass

4z, () = %(d U () — idU (k) + %(d U (k) — idU® (k)

where dU (,llﬂ)(m) and dU (,]2)(/%) are real valued.
J IR

Substitution of Eq. (2.3-5a) into Eq. (2.3-4) and taking into account Eq.
(2.3-5Db) yields the following equation as

EldZ,(x)dZ,(r)] EldZ,(x)dZ, (k)]
E[dZ (r)dZ, (k)] E[dZ (k)dZ,(r)]

(2.3-6)

| def(’{) |2] E[def(’f)dZ;f(’{)]
EldZ (x)dZ 4 (v)] E[|dZ (k) } +|dZ (x) [

Comparing Eq. (2.3-2) with Eq. (2.3-6), the orthogonal increments an be
obtained such that

def(/{) =l a,, | Vdr i)
07 (k) = ay, | Nl ") (2.3-7)
dZ (k) =l a,, | Jdr ™2

13



also, taking into account Eq. (2.3-5¢),

dU}})(Fs) =2]a, | Jdx cos Y, (k)
AU (k) = ~2 | ay, | Ndr sin ), ()

AU (k) = 2 | a,, | dr cos(up, (k) +ay, (k)

(2.3-8)
AU (k) = ~2| ay, | N sin (1, (k) +ary, ()

AU (k) = 2 | a,, | Jdr cos i (x)
AUP (k) = ~2 | ay, | Vdr sin g, (r)

In Egs. (2.3-7) and (2.3-8), the arbitrary phase angle ¢,(x) and (k)

must be appropriate random functions so that the orthogonal increment

de(li) satisfy the orthogonal conditions as given in Egs. (2.1-7) or (2.2-2¢). If

we choose independent random phases uniformly distributed between 0 and

2r for 1), (k) and ,(k), it is easy to show that Egs. (2.3-7) and (2.3-8) satisfy

Egs. (2.1-7) or (2.2-2¢), respectively.

From Eqgs. (2.2-7), (2.3-3) and (2.3-8), the real valued stochastic fields

fY(z)and ¢P(z) can be expressed as

1) = [2]a,, |Ndn cos(z + 9 () (2.3-92)
0
and

g(l)(x) = f2 | ay, | \/d_mcos(kcx + 1, (k) +ay, (K))
0 (2.3-9b)

+[2 | ay, | s cos(iz + 1, (r))
0

14



The integrals mean, for dx — 0 and r = nds

N
V() = 22 la,, | \/d_liCOS(l{nx + 1, (K)) (2.3-10a)
n=1
and
" N \/_
g (z) = ;2 | Gy, | Vdr COS(K”JI + ?,/)m(/‘in)—f-am(lin)) (2.3-10b)
+2 | ay, | Vdr cos(r,z + 1y, (k)
where
| a4 |: »\’Sff(“)
S
|4y, |= %) (2.3-10¢)
Sff(li)

Sy CENOREACT:
22 Sff(/{)

Equation (2.3-10) is identical to tha used by Shinozuka and Jan (1972). As
shown by them, making use of the FFT (Fast Fourier Transform) technique
in the summations appearing in Eq. (2.3-10) drastically reduces the

computing time.

15



3. SPECTRAL REPRESENTATION OF BI-VARIATE
TWO-DIMENSIONAL STOCHASTIC FIELDS

The previous procedure described in Chapter 2 can be directly used for
the bi-variate two-dimensional case. Almost all the equation in Chapter 3 and
4 are similar, but the equations for real valued fields are quite different. This
difference 1s also quite important in the simulation of real valued stochastic
fields as explained in the numerical examples in Chapter 6. To explained the

difference, a similar procedure and equation are provided.

3.1 Complex Valued Stochastic Fields

The complex stochastic fields f(z,y) and g¢(z,y) can be defined as

9(z,y) = ¢V (z,y) +ig® (z,y)

where i =+/—1, the functions fV(z,y), fP(zy), ¢"(z,y) and ¢?(z,y)are
the real valued stochastic fields, and z,y denote real coordinates. The mean

can be defined as

E[f(z,y)] = E[f"(z,y)] + iE[f*)(z,y)] (3.1-2)
Elg(z,y)] = Elg"(z,y)] + iB[g®) (z,y)]

where E[+] is the expectation operator.

Now suppose that the fields are homogeneous stochastic fields with zero
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mean. Then, the covariance function of the fields can be defined in matrix

form such that

(3.1-3)

where f (z,y) = fY(z,y) — if®(z,y) denotes the complex conjugate of f(z,y).

Thus

(gﬂag)_ ( 27 5) sk =19 (31'4)

that is, the covariance matrix for bi-variate stochastic fields constitutes
Hermitian. In particular, the variances of the diagonal term are real and

positive, that is,

Varlf] = R;(0) = E[f(z,9)f (z,y)]

(3.1-5)

It can be shown for the homogeneous stochastic fields f(z,y) and

g(z,y) , that the covariance function R, (¢, ), (j,k = f,g) can always be

represented as follows (Yaglom (1962)):

R, (&.6) = ff ST (k) (3.1-6)

—00 —00

and the fields themselves can be represented as

17



fay) = [ [ az (s, 5)

(3.1-7)

i(k z+K Y)

gay) = [ [ az (s,k)

8|%8é%8
bl

where the integral means the Fourier Stieljes integral standing for the limit,

for instance, for the integral of Eq. (3.1-7),

a b
flz,y) = (L11_>H01V f f el(ﬁz$+ﬁyy)dZ'fr(/<ax,/<cy)

hb—oo —a —b

(3.1-8a)

= lim lim Z Z Fon T ym¥ (/-cm,/-cym)

a—00 dn —0 N
b— o0 dn —0 =" m=-M

where the complex discrete orthogonal increment is defined by all the

combination of wave numbers such that

K, +dh R, +dn

de(lﬁjm,/iym):[Zf(lﬂzm,fiym)
= Z,(k,, +dx, /iym—i—dlﬁy)—zf(/i +dk,, k) (3.1-8b)
—Zf( o ym +d/€y)+Zf(lﬁ}xn,lﬁlym)

and the summation is over all the subjects appearing in the partition as

shown in Fig. 3.1-1.

—a =K < < K= 0
T— :Im, N
b=k <k <y =b (3.1-8¢)
de, =K, —K_ ., ds, =K —FK
T n—1 y ym ym—1

The function F, (5, ﬁsy) which is a non-negative and non-decreasing function

is called the spectral function of the fields f(z,y) and ¢(z,y) . When the

function F, (x,, my) 1s continuous, its derivative is called the spectral density
function S, (x %, ), thatis
N2y

18



O*F (k. .k
S (kK M

K )= (8.1-9)
(A1) Ok, Ok,

Then, the Fourier Stieltjes integral of Eq. (3.1-7) reduces to the Fourier
integral as
(K, &, 5 5
R, (&.6) = f f (1, 1, ) s, (3.1-10a)

The inverse transformation yields the spectral density function as

Sjk( :p’ Z/ 2 f fe e 5 ]k(fx»gy)dfxdﬁy (31'10b)

Equations (3.1-6a) and (3.1-6b) are the Wiener Kintchine relationships.

Y

v
X

—b

Fig. 3.1-1 Discretization of x-y Plane
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Turning to the representations of stochastic fields given by Eq. (3.1-7),

these representations imply that f(z,y) and g¢(z,y) can be written as the

sum of many elementary waves expli(x  + K, y)] with complex orthogonal

random amplitudes dZ f(lﬂix,/'ﬂ}y) and dz, (/{I,my), respectively. The orthogonal

random amplitude i1s generally called the orthogonal increment which is

defined as follows and satisfies the following conditions:

o(k —H/)(S(H — K )dF (k! y) j=k

x

ok, — K )6(/<:y —K )Re dF, (Hw,.gy) =k (3.1-11a)

where 6(r_, K}y) = 6(r, )o(r, )means the delta function with the conditions:

~

6(’% — K;)é(/’i — /1;) =

/
0 K =K,k =K
T z) Ty
y

A S

0 KIIR;,I{yiﬁ
(3.1-11b)
f&/ﬁ — K, H—K)dF( )—dF(Fa K )

JEN T2y
and Re(s) expresses real part.

Due to Egs. (3.1-11a) and (3.1-11b) (orthogonal conditions), it is easily

confirmed that the covariance function is given by Eq. (3.1-6). In fact,

Ru(66) = B + 6,0+ 6 ) “(2,9)]

w248 ), (4] —ilmatml

{{E ) (3.1-12)

—2 =2

i(r €, +1,,)
e VdF, (K,,k,)

Y

Hg 8%8

|
2
|
2

20



3.2 Real Valued Stochastic Fields

Suppose the complex valued spectral distribution function Fik(nl,,nu)

and the orthogonal function Zj(lﬂ‘,x,liy) are represented in terms of the

increment such that

1 .
dij(“y”y) =3 df’}(]:)(lim,liy) — zd}fﬁ)(mm,my)

(3.2-1)
_ 1 ey AU 2)
de(lix,/-iy)— 5 aU; (liz,liy) idU; (Iiz,ﬁy)

where dFj(]j) and dFj(]?) are the real valued spectral distribution functions

associated with the real and imaginary parts of dij . The functions dU ;l) and

dU;?) are also the real valued increments associated with the real and
imaginary parts of dZ]..

Substitution of Eq. (3.2-1) into Egs. (3.1-6) and (3.1-7) yields alternative

expressions for Rjk(éx,gy) and j(z,y) such that

1% T |eos(r,€, +r & )AF D (k5 ) +
R _1 Tz Yy J oy
jk@x’gy) 2 «[O»{:O[sin(/i §, +r,8 )dF'(kQ)(Hx’Ky)

—o0— eSSyt
(3.2-2)
o sin(k & +r &VAFW(k k) —
+Zlf f ( o yfy) 1?2)( z y)
2 I |costin €, + 1,6 )P, .1,

and the fields f(z,y) and g¢(x,y) arefor j= f,g,

21



(3.2-3)
1 plsin(er + /fyy)de(.l)(/im, K,) =
ST f[

2)
cos(k, T + /ﬁzyy)de (K, Hy)

—00 —00

For real valued stochastic fields, the imaginary parts of Rjk (&, §y) and

j(z,y) given by Egs. (3.2-2) and (3.2-3) must be zero. This requires the
conditions as follows:

dFY (—*,, —/{y) — dFt) (K, kK

gk g ); dF(l)(_'%m”%y) - dFj(kl)(ﬁ _Iiy)

y ik z?

dﬁ;(]f)(—mz,—ny) = —d};}%)(ﬁ$,ﬁy), dﬁ;(]?)(—lim,/{y) = —dF.(2)(l€z,—K/y)

z Y gy J z’ z’
(3.2-4)

Above equations yield the conditions for dF, (k,.r,) and dz, (K, liy):

Wl = Ay 1) (3.2-5a)

dij(—/ﬁx, /iy) = dF, (K, —Hy)
and

dZ (—k ,—k ) =dZ.(k.,

e, ) = 42,0, (3.2-5b)

de (—r,, Hy) = dZ; (K, —/iy)

Equations (3.2-5a) and (3.2-5b) imply the bi-spectral distribution

functions ij(mz,my) and F;k(/{m,—liy) are necessary for representing the
covariance function R/(.,?(E ,£ ) of the real valued homogeneous stochastic
ke \Sa? Sy
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fields jV(z,y) and kY(z,y) (see Fig. 3.2-1).
Equations (3.2-5a) and (3.2-5b) also imply that the two orthogonal

increments de(/iI,I{y) and de(/iz,—liy) are needed for the spectral

representation of the real valued stochastic field j(z,y) (see Fig. 3.2-1a). If

Fj.k(/«fgc,/iy):}f“jk(mx,—my) or Zj(/@x,my):Zj(/@x,—ﬁy) , the stochastic field is

called quadrant symmetry (see Fig. 3.2-1b))

dFJf (5, ’iy) N dFJk (5 'k”y) ':?y dFJk("‘” ’%)
az, (/-@Jj,—/-sy) dz(k,,k,) de(H K, )
® ) e [ ]
\ ’ S ’
\ ’ N /’
\ , 7/ \\ 7/
/)\\ g K/:IZ | > K’x
’ ’
s N P \
./ \ . pe ’ \\
dFy (5, 5,) dFy, (k I‘&y)
de ("iza Ky) dZ] (H;r,’ —/‘L’y)
(a) Homogeneous Two-Dimensional Case (b) Quadrant Symmetry Case

Fig. 3.2-1 Characteristics of Homogenous Two-Dimensional Stochastic

Fields in Wave Number Domain

Substitution of the conditions given by Eqs. (3.2-5a) and (3.2-5b) into
Egs. (3.1-6) and (3.1-7) or Egs. (3.2-2) and (3.2-3) yields the required

fundamental expressions for real valued two-dimensional stochastic fields
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such that

(3.2-6a)

(3.2-6b)

It is easy to show that the real valued increments dFj(kl) , dFj(]f) and dU ;l) ,

d U§2) have the following requirements, by substituting Eq. (3.2-1) into Eqgs.

(2.2-2a), (2.2-2b) and (2.2-2¢) for the conditions of the complex orthogonal
increments.

E[dU(l)(Hx,Iiy)] = E[dUﬁz)(ﬁxaﬁy)] =0

J

E[dUW (ki )AUP (!, )] = E[AUP) (ki )AUD (k] 1))

j z? k T’ J z?

= 6(r, — K, )6(rk, — H;)d}‘}(]:)(li/ k) (3.2-7)

)y

E[dU](?)(liz,liy)dU(l)(lil /4:;)] = —E[dU§.1)(I€I,Hy)dU(2)(Ii/ li;)]

z’? k )

6(k, — li;)é(lﬁly -~ /i;)d}‘_’j(;)(fﬁ;,fil) j=k

0 =k

It is also easy to show Eq. (3.2-6a), by using the spectral representation

of the real valued field j(z,7) given by Eq. (3.2-6b) and the orthogonal
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JQ) given by Eq. (3.2-

J

conditions for the real valued increments dU" and dU'

7). In fact,

(3.2-8)
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4. SIMULATION METHOD

Consider the simulation problem of the homogeneous stochastic fields
and under the condition that the power spectral density function matrix is

specified such that

- S.ff (R«T/’ /i:u) Sf.q (sz, K:y) .S
ng (r Ty ) Sgg (r "y )

gf(/i /{y) S

? fg(ﬁ Iiy) (4.1)

x?

Since the power spectral density function matrix constitutes the Hermitian

and non-negative definite matrix, Eq. (4-1) can be decomposed as

* * 2 *
[an O] Ay Gop| |y, | 11891 (4-2)
* - * 2 2
Gg1 Gy J| 0 ay ay 0y, | ay |7+ [ay, |
Where each element a; can be obtained as
i (K,,k, ) i (rk,,5,)
ayy =l ay [ =Sy, m ) e
ia, (KT,I’CU)
O T
_ | ng(h:l’/{y) |e’i(yﬁ’l(ﬁx,Ky)-l-an(H}z,liy)) (4_33)
Sff(/iz,my)
gy =| Gy [ €727
2
Sff(/imaﬁy)sg!}(Hzaﬁy)_ | ng(h;g;’l{y) | eiQ/JQ(HI,Hy)
Sﬁ(/ix,liy)
where 1, (lix,/iy) and 1), (mm,my) are arbitrary phase angles and
Im(S, (k .k ))
ay (kK )= tan ' AR A (4-3b)
oy (S, (70 ,))




On the other hand, the covariance of the orthogonal increment

dZ (r,,r,)is given by Eq. (3.1-8b) or Eq. (3.1-11a), that is

*

E[de(/im,liy)dZ (Hm,lfy)] = Sff(/ix,lﬁy)d/imdliy
EldZ,(k,,k )AZ (k. )| = S, (k% )dr dk, (4-4)
EldZ (k. ,k )dZ (5 k)] =8 (k ,k )k dk

g\ Ve Ny g e Ty gg\ v Ty Yy

Comparison of Eqgs. (4-2) and (4-4) motivates the introduction of a new

definition for the orthogonal increments dZ s and ng to efficiently express

the orthogonal increments in terms of the power spectral density functions as

follows:
Az, =dZ
iZ —dZ. +dZ (4-5a)
g g T 99
where
EldZ,dZ | = EldZ dZ, |=0 (4-5b)
and similarly
iz, = S(@uW — idv®)
A (4-5¢)
e IR PaC) NS P C et C)
dz, —E(dUgf —szgf)+§(dUgg —idU®?)

where dU ;}C) and dU 513) are real valued.
Substitution of Eq. (4-5a) into Eq. (4-4) and taking into account Eq. (4-
5b) yields the following equation as

EldZ,dZ;] E|dZdZ )
E[dZ dZ,) EldZ dZ ]
g 97y

2 *
E|dZ, |*] E[dffdegf] 2
EldZ,dZ,) El|dZ, [ +|dZ,, ]

(4-6)

By comparison of Eq. (4-2) and Eq. (4-6), the orthogonal increments can be
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expressed in terms of aj, which in turn is a function of the power spectral

density function such that

dz fixaliy :l all |\/W i@’/‘l(fewf;y)
ng /fma’iy Ay ’We (r, o, )+ay, (K, "‘y)) (4-7)
“ gf(/{””/iy :| Qoo |We 2

Also, taking into account Eq. (4-5c¢),

dU ( _2|a11|,fd/<;d/i cos (K, K,
dUJ(‘f)( Ky y) =—2la \/dﬁwdﬂy Slnd]l(ﬁx’/{y)

11’

dU f( =2]a,, | ,,dm drk, cos (Y, (r, —|-0421(I<Lw,ﬁ7y)) (4-9)
dUé}%)O%,ny) =-2|a, | /dmxd/-ay 51n(¢1( o) (R, )

dUé;)(“x’Hy) =21 ay, | \/d'iardﬁy COS Uy (K15,

dU;i)(/im,/fy) =—2]a,, | ,fd/%d/iy sin iy (k5 )

If we choose independent random phases uniformly distributed between

0 and 27 for wl(ﬁz,liy) and ¢2(I€x,liy), it is easy to show that Eqgs. (4-7) and

(4-8) satisfy Egs. (3.1-11a) or (3.2-7), respectively.

From Egs. (3.2-6b) and (2.3-8), the real valued stochastic fields
Yz, y)and ¢W(z,y) can be expressed as
f2|a11/-c K, )| \Jdr dr, y Cos A (r, Iiy)
0

+ 2

a,, (K, =K, )| \Jdr dk, COSA1 y)

0%8
o~ 0%8

(4-9a)
A’ll(ﬁx’ﬁy) = (Hzx + Hyy + 1/}1('%_@7’%?/))
A11("<5x7_’%y) = (Hxx - ﬁyy + wl(’ixv _Ky))
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and

2| azl(nx,my) | | fdnxd/fy cos A21(’%’“y)

Ky, —k,) | \Jdk,di cos Ay (K, —F )

5S)
=
—
B
<
N~—
I
N o
)

+
Hg
—2 ===

[\)
=
~~

00
—}—ff? | a22(/-cm,/<cy) | dr, dr, COSAzz(ﬁx,Ky)
0 0
+ff2]a22 K ,—I-€ |Jd/<: dr, cos Ay, (K,
00
(4-9Db)
AQI(H:L?K/ H I—I—Ii y+¢1( y)+a21(’%1.7’%y))
AQl(ﬁma (’{ T—=K y + ¢1( - y)—i_azl(’%za_’{y))
Al i) = (58 + 8,9 + Uy (5, 7,)
AQQ(’%TJ (I<L$IE - ’iyy + %( 27 ’%y))
The integrals mean, for dr_— 0, dr, — 0 and k_ = =ndr, K, = mds
1) -
f (.%’ y 222 ’ all n’ ym)| d/{ dl{ COSAH n’ ym)
n=1m=1
+2| all(/im,—/-aym) ] d/ﬁ:xd/ﬁy cos All(/fm,—/-aym)
(4-10a)
All(ﬁjxn’/{ym) (/{ x+/{ymy+w1( n’ m))
‘/411 m? m ("izmx B Hymy + ’(/)1( xn’ Hym))
It is noted here that the uniformly distributed random angles ’(/Jl(lim,liym)

and ¢ (k_,—+, ) between 0 and 27 are independent each other.
Tn ym

and
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N M
g(l)(xa y) = Z Z 2 | a21(mzn7l$ym) | dl{mdmy cos AZI(K'zn’Kym)

n=1m=1
+2| (LQI(HIH,—Kym) | d/izdliy cos AZl(/im,—ﬁym)
+2 | a’22 (ﬁzn’ﬁym) | ‘\’ dmzd’{'y cos A22 (K'Jm"%ym)
+2 | ay, (nm,—fcym) | d/izd/cy cos A, (K, —nym)

(4-10b)

A?l Kzn’ _Hym) = (K.Tnx B Kymy + ¢1(Kzn’ _Iiym)_{—aﬂ(ﬁzn’ _ijm))

where the uniformly distributed random angles ), (x ,}{ym) ,wl(nm,—/@ym),

%(nm,fsym) and %(/{m,—/{ym) are also independent each other. And

’ all(/{:rn’liym) ’: Sff(,{am’mym)
| Sy (B ) |
|a21("{ma"{ )|: fo oy (4-10c¢)
ym
Sff (/im, ﬁym)

2
(5 )|= Sff(ﬁxn’,{ym)sgg(/{xn’Kym)_|ng(li:rn“%ym)‘
22 \Fam > Ry, S (s i)
5 ym

and

! (4-10d)

o, (K K = tan

21( n’ ym)

Re(S,, (K, 5,,,))

Im(ng(mm,fiym))]

If the fields and are quadrant symmetry where the power spectral

density function satisfies S, (r,,x ) =S5, (r,,—# ) (see Fig. 3.2-1), then

x?

aj (Iimn,lﬁ?ym) =a, (Iixn,—liym), gk =12

n’ ’{ym) = Oé21(/'€

. . (4-11)

an( ) ym)

30



Hence, Eq. (2.3-10) reduce to, for quadrant symmetry,

cos :
Oz, y) 222’%1 Ko oy ’Jdli dmy[ A5 ) ] (4-12a)

n=1m=1 COSAH xn’ Kym)

and
2 cos AZl xn’ Klym) +
Z Z | a’21 xn’ JTII) | J COSA2 —K )
n=1m=1 1\ an? ym

COSAZZ xn’ ym) +
+ 2 | a22(f€zn7"<’ym) | d’“‘: dk y [COS A22 Um

(4-12b)

The above Eqs. (4.10) and (4.12) are suitable for the computer simulation of
real valued [V (z,y)and gV (z,y).

The wave number vector is assumed to be located in the first (1st)
quadrant so that all the wave numbers are positive (negative). Then Egs.
(4.10) and (4.12) reduce to as follows, although their simulated stochastic
fields satisfy the target power spectral density (or correlation) functions.

N M
y) = Z Z 2| all(/@m,/ﬁym) | dmzd/@y cos An(lim,liym) (4-13a)
n=1m=1

and

N

g(z,y) = ZZ2|%1 o Bg) | AR, cos Ay (K o) (4-13b)

n=1m=1

+2 | ay, (/-im,/{ym) | Jd/@'xd/fy cos AQQ(/{m,/-sym)

The above simulated fields may be called as the first quadrant symmetry. Eq.
(4-13) was proposed by Shinozuka and Jan (1972).

Figure 4.1 shows schematically the wave number field of the Bi-

directional wave number (quadrant symmetry) where both A, (x_,x ) and
gk N Van o ym
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Ay (s, —+, ) are taken into account as Eq. (4.12). If the field is the first

quadrant symmetry, Uni-directional wave number where only Ajk(/im,ﬁ;ym)

is taken into account such as Eq. (4.13). Therefore, the first quadrant
symmetry field shows a random field with directional characteristics, while

the directional nature cannot be seen for the quadrant symmetry field

(Chapter 6).

Fig. 4.1 Bi-Directional Wave Number in X-Y Plane
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5. TIME-SPACE STOCHASTIC FIELDS

In the previous Chapters we were concerned with stochastic fields whose
sample functions are continuous functions of the space coordinates zand y.
We now turn to a more general case where the stochastic fields are functions
of time as well as the space coordinates. This Chapter presents the
relationships of the various second moments of the complex valued time space
fields, and also only the results of the spectral representation of the real
valued time space fields, because the real valued time space stochastic fields

are obvious from the procedure shown in Chapter 4.

5.1 Second Moments of Time-Space Stochastic Fields

As defined in Chapters 2 and 3, the complex valued time space

stochastic fields f(z,y,t) and g(z,y,t) can be defined as

— @) £(2)
f(xa Y, t) f (CC, Y, t) + Zf (.’E, Y, t) (51_1)
9@ y,t) = gV (2, 5,0) + ig® (z,,1)

where O, f® ¢ and ¢® are the real valued stochastic fields. The mean

can be defined as

E[f(z,y.t)] = E[f"(w,y,8)] +iE[fP(z,y,t)]

(5.1-2)
Elg(z,y,t)] = Elg"(z,y.t)] + iE[g®(z,y,1)]

where E[+] is the expectation operator.

Now suppose that the fields are stationary, homogeneous and zero mean.
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Then, the time space covariance function of the fields can be written in matrix

form as
R.(§,,¢,7) R, (£,8,7T)
R(¢ €, 1) = TSz Sy Tg >z Sy
S8 T=R €6 R (€.€7)

Elf(z+&,y+§,t+ f (@) Elf(z+&,y+ £t + 7)g (z,y,1)]
Elg(z+ &,y + &t +7)f (2,9,8)] Elgle+ &9 + &t +1)g (,9,1)

(5.1-3)
From the definition given by Eq. (5.1-3), the time space covariance function

possesses the property such that
Rjk(ézagyﬂ—) = Rkj(_éza_gya_’r)? j7k :fag (51-4)
That 1s, the covariance matrix is Hermitian.

Transforming the time lag 7 into the frequency w by means of the

Wiener Kintchine transform yields the temporal frequency spatial spectral

density function as a function of separation distances ¢ and {yi

Bjk(gz’gy’w) = % f eimRkj(émvgy,T>d7_ (51'53)

By performing an inverse transformation, we can reclaim Rjk(fx,fyﬂ') as

R (&,6,7) = [ e B(&, &, wdw (5.1-5b)
If the separation distances ¢ and §, are zero, the temporal frequency

spatial spectral density function is expressed as ( at any point z and y):

B,(0,0,w) =S, (w) (5.1-6)
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Normalization of the temporal frequency cross spectral density function
with respect to its value at the zero separation distances gives the frequency

dependent spatial covariance function as follows:

B (£,.€,,0)

Vi (6r € w) = (5.1-7)
s ()
The spatial covariance function can be defined as
(§x7£ ) (§m7£y77_ - 0) (51'83)
and hence, with the aid of Eqgs. (5.1-5a) and (5.1-7),
B(€,.6) = [ By(5,.6, wdw = f S (@6, wdw  (5.1-8b)

Thus, the spatial covariance function is a weighted integral of the frequency

dependent spatial covariance function yjk(gm,{y,w) with the point cross

spectral density function Sjk(w) as the weight.

If the time space stochastic fields are assumed to be ergodic, the spatial

covariance function may be estimated from the temporal average such that

B]k(§,7£y) = Rjk(éwéya'r = 0)

T
1 (5.1-9b)
= Jim — | 4, (@ + &,y + &0k, (z,y,t)dt
0

T—o0

or from the following spatial average

Bjk’(gx’gy) = Rj]g(gxagyaT =0)
L L
= tm [ ey, 06 ey

L—muL
L—)oolyoo

(5.1-9b)

in which j (z,y,t) represents the n-th sample function of real valued
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j(x,y,t), where j = f,g. However, in practice, Eq. (5.1-9b) cannot usually be
used since the observations j (7,7,{) are made at only a few discrete

locations along the 2 and y axes and therefore the integration of Eq. (5.1-
9b) is not possible.

Similarly, transforming the separation distances ¢ and §y into the

wave numbers _ and K, by means of the Wiener Khintchine transform
gives the temporal covariance spatial cross wave number spectral density

functionC (x_,x ,7) as a function of 7
JEN T2 y?

—i(k, § + yg ]
( )Rjk(gwgyﬂ—)dfxdfy (5.1-10a)

jk

x?

—00 —O0

By performing an inverse transformation, we can reclaim Rjk (&, fy, T) as

Ry (&,.6,7 ff SISO (5w TV dR, (5.1-10b)

Finally, transforming both the time lag and the separation distances
into the frequency and wave numbers by means of the Wiener Khintchine

transform gives the frequency wave number cross spectral density function

such that
T T T hf—(—n{ —wrT)
S (5 k0 w) e f f f e R, (&€, 7)d€ d¢ dr  (5.1-11a)

From the inverse transformation

~§+ 5 —wr)
fx,fy, ff f Sjk(lim,ﬁy,W)dﬁzdliydw (5.1-11b)

—00 —00 —O0
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Due to Egs. (5.1-5a), (5.1-5b) and (5.1-10a), the frequency wave number

spectral density function Sjk(/ﬁx,ﬁly,u)) is also related to Bjk(gi,gy,w) and

C. (KI,K,y,T) such that

7k
T i(r, &, K8
S (.1 ) m f f e B (€,,€ w)dE de, (5.1-122)
and
1 7 —iWT
Sjk(/ix,/iy,w):%fe Cjk(/{x,liy,T)dT (5.1-13a)

By the inverse transformation

(K&, 5
gx,fy, f f " (m oy w)dk dmy (5.1-12b)
and
C]k(li e ,T) = fei”TSjk(nj,ny,w)dw (5.1-13b)

And the point spectral density function defined by Eq. (5.1-6) is also written

as
S]’k(w>: f fS RS , WK A5, (5.1-14)

Similar to Eq. (5.1-7), normalization of the frequency wave number

spectral density function Sjk(nz,/fy,w) with respect to the point spectral
density function Sjk(w) yields the frequency dependent wave number

spectral density function as follows:
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3 - Sjk(’%’“va)

S AGRYER 5 @)

" (5.1-15)
7k

The spatial wave number spectral density function S,

(5,.1) can be defined

as Sy (k,,k)=C,(k,k,7=0) and hence, with the aid of Egs. (5.1-13b)

and (5.1-15),

Sjk(lix,liy) = Cjk(/ix,/iy,T =0)

S (kK

it w)dw (5.1-16)

y?
— 00
(o]

= [ 8, (@) ;5,0 w)dw
As described above, there is a close relationship among the various

functions which are summarized in Fig. 5.1-1. From a general

characterization point of view, the frequency wave number spectral density

function Sjk</£$,lﬂly,w) defined by Eq. (5.1-11a) may be more useful because

this function plays a central role when we perform an analysis similar to that
used for the spectral representation of stochastic fields as described in

Chapter 2 and 3. On the other hand, the spatial covariance function

Bjk(fx,gy) and the spatial spectral density function Sjk(/-%,my) are also

important functions to characterize the spatial variation of the time space
stochastic fields j(z,y,t) and Fk(x,y,t). In fact, the spatial variation of
earthquake ground motion displacements is of major significance or the
response of underground lifeline structures such as pipelines. In Chapter 6,

a numerical example for the spatial variation of earthquake ground
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displacement is presented.

Fiwt

[ dw

Time Domain

Frequency Domain

Composite Function

Space

Domain

R, (6,.€,.7)

Time Space

B, (&,.€,,w)

Covariance

A

Function

eiZ(Klé-l +Ky§z/ )

A

Temporal Spectral
Density-Spatial

Correlation Function

Bjk (§$7 gy)
Spatial

Correlation

Function

Wave
Number

Domain

C

jk (’%ma Ky T)

Temporal

S.

jk (’%Ia ks w)

A

Correlation Spatial

Spectral Density

Time Space

Sy, 65)

Spatial Spectral

Spectral Density

Function

density

Function

—wr)
Sﬂc

—i(f;TgT +K1/§1/ —wrT)
AR (¢ e T)de de dr

(k_,k ,w)dk dr dw
)y Ty

Fig. 5.1-1 Relationship among the Various Second Moments for Stationary-
Homogeneous Time-Space Stochastic Fields
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5.2 Spectral Representation of Time Space Fields

Since the formulation is just same to the two-dimensional stochastic fields
described in Chapters 3 and 4, we show only the results of the spectral
representation of time space stochastic fields and their simulation method.

For the time space stochastic fields, we must take into account for the four
combinations of frequency wave numbers as shown in Fig. 5.2-1, while two

combinations are necessary for the two-dimensional stochastic fields.

/\
/\/\

—wW W

Fig. 5.2-1 Four Combinations of Frequency Wave Numbers for Time Space
Stochastic Field

By considering the four combinations of frequency wave numbers in the real
valued two-dimensional stochastic fields given by Eqs. (4-9a) and (4.9b), the

spectral representation of time space stochastic fields is given such that
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FV(z,y,t)

2\@11/43 W) \Jd/fdﬁ:dwcosAl CREN)

2| an(l{l"ﬁy’_w) | dmzdl{ydw cos A11(’%x>’£ya_w)

w) | | ’d/@xd/ﬁydw Cos Au(nx,—ny,w

I
0%8
o\g
o%g

_|_

_|_
o~ o2 o~
o2 o2 o~
o

(5.2-1)
+ 2| all(ﬁz,—ﬁy,—w) | dlijdlﬁydw cos All(lim,—liy,—w)
A0 ) = (2 + Ry 2, 0)
A‘ll(ﬁxa_ﬂyaw) = (Hxx - liyy + ¢1(ﬁza_ﬁyaw))
In order to make above equation simple, we express it such as
O (ag.t) = fffZ la,,(k, Y w) | ,,dli’xdliydw X
00 %0 I.—+1(co All(IyK'y’Iww)
(5.2-2a)
Ak Lk T w)= (ko + 1k y+ (6,1 kT W)
and
| ay, (ko LR I w w) | dk, dr, dw X
) T cos A, (k, IyHy,I w)
g (iL', yvt) - 2
‘[‘[‘[ I =%1 | Gy (r, g I w |4/d/fxd/<;ydw><
cos A, ( liz,[yﬁiy,fw w)
nx—klmy—f—@bl(m A I w w)+ )
A21(“x7[y“y7[ww): (5L e T w) (5.2-2b)
y oy w

AZQ(K/ I K Iww) = (mxx + nyiyy + ¢2(Ii$,[yliy,]ww))
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yy’w Yy’

lay, (k1 kK 1 w |:\/Sff/£ Ik I w)

| S, (65, Lk, T w) |

|y, (1,0 L e T w) | = vy (5.2-2¢)
\/Sff m:E,Iymy,Iww)
Sff(/-c Ik 1w )S (mr,fy/-cJ I w)—
|5, (5, I k1 w) [
|a22(/-c Ak T w)|= vy
vy Sk, Ik I w)
and
Im(S, (v ,I Kk ,I
(kI kT w) = tan " ( f( e @) (5.2-2d)
vy Re(S, (k.1 k1 w))

If the fields are quadrant symmetry, that is, the four spectral density

function are same such as

lay (kI ey, Lw) = g (R, w) |

7/7

| ay, (k.1 K I W)= ay(k k& ,w) | (5.2-3)

vy’ y’

| Qoo (K, L KT W) [ gy (KK, W) |

Ty Yy’ Yy’
Then, the spectral representation of real valued time space stochastic fields is

given such that

7772 (5, oy ;W) | {[dr, dk, dw x
xya =
000 .1 ==%1 (:osA11 b 1w w)

(5.2-2a)
Ak Tk T w) = (/{mx—l—lymyy—{—wl(/@' Ik, I w))

Ty Yy’ yJ’w

and
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| ay, (5, K, ,w) | dr,dr dw x
cos A, ni,fy/-ey,lww) +

2 )
fplo=* |a22(/<; K, ,w) | (JdrK d/s:ydwx

cos Ay, (k5,1 k1 w)

Yy’

xya =

0%8
ok_’g

I

ka1 ey + (s, Lk 1 w)+

y oy w
a21(/<:x,]y/-cy,lww)

Ay (5, 1k T w) = (5.2-2b)

Ay, (K, A I w w) = (/{xx+ly/<:yy+¢2(/<: A I w w))

The three hold integrals can be approximately expressed as (see Chapter 4)

=335

k=1n=1m=1
Ik dk dk dw X
2 3 1By Lty L0y ) |, drs deo (5.2-3a)
I =1 COSA] a1y L)
All(h;zn’ [yﬁyM’Iwwk) (l{ T+ [y,{?/my + wl(ﬁﬂm’ [Z/li?/m’]‘”wk))
and
) K N M
gy t) =3 3 D x
k=1n=1m=1
| a21(/£m,ly/<:ym, w,) | \[dr L dw X
cos Ay, (K, Lk, 1, w,) +
2
1,0 =+1
[ Oy 5 T ) | e, e dow (5.2-3b)
COSAQQ(/-{ML,[y/{ym,[ w, )

) = [/1 LT+ Iy/iymy + 9, ( m,]ynym,fwwk)—k
K

I T w

n’ Ty ym’ T w k)

21(

A?Q(H:m’Iyﬁym’I w ) (ﬁ: x +Iy/£ymy + ¢2( xn’ y ym’Iwwk))

43



x N y M (5.2-3¢)
kK =ndk, K _ =mdrk, w, =kdw
xn T yn y k
where (x| B o w_ ) mean the upper frequency wave numbers in which the

frequency wave number power spectral density functions could be zero over them.
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6. NUMERICAL EXAMPLES

To visually illustrate the significance of the simulation equations previously
described, we present here several numerical examples of the sample function
(real value) of f(z,y) = fP(z,y) simulated using the simulation equations in
Chapter 4. And also, we present here an example of the seismic ground
deformation pattern w(z,y,t,) of ground surface at time ¢ =, estimated from
seismic observation in Taiwan (SMART-1 Array). By extending the power

spectral density function of w(z,y,t,) estimated from the data of the SMART-

1, we demonstrate the temporal space variation of u(z,y,t).

6.1 Simulation Examples

For simplicity, consider the simulation of f(l)(g:,y) using Eq. (4.12a)

(Quadrant symmetry, Uni-variate, Two-dimensional Case). From Egs. (4.10c)

and (4.12a):

N u \/2Sff (K, Koym )d%mdl{y X
f(l)((]j, y) = '\/52 Z Cos(/gxnx + /iymy —+ wln’m) —+ (61'13)

=1m=1
n=1lm cos(/fmx — K,y + wllnm)
where ¢, and w{nm are mutually independent random phase angles

uniformly distributed between 0 and 2x.The discrete parameters are given
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TNy 0 T Ty (6.1-1b)
K, = ndk_, Ky = md/-iy

where (k mean the upper frequency wave numbers in which the

rmax’ Kymax)

frequency wave number power spectral density functions could be zero over them.

Equation (6.1-1) signifies that a sample function f%(z,y) can be

expressed as the sum of many elementary waves cos(x 1z + Byl + ) and

cos(k,, T — Kyl + ¢y )which propagate in the A and B directions, as shown

previously in Fig. 4.1 with amplitude 2\/5 ff(/i K )dlﬂ?xd/iy . To illustrate the

xn’ ym
above, two sample functions are generated using only the first term of Eq.

(6.1-1a).

In Fig. 6.1-1a, a sample function of fY(z,y) is plotted for an isotropic

power spectral density function (see Fig. 6.1-2) such as

2
Sff(fi) = o? b—exp( —(bk /2%, K= 4,112 + K2 (6.1-2a)
4ar o

For the numerical example, the following data are used:

o=1 b=1 N=M=64 k =2« (6.1-2b)

max

From Fig. 6.1-1a, a sample function exhibits an isotropic pattern where
the variation pattern is independent of direction. However, if we use only the
first term in Eq. (6.1-1a) for the simulation (First Quadrant Symmetry Case),

a directional dependent pattern as shown in Fig. 6.1-1b is observed,
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notwithstanding the use of an isotropic power spectral density function.

{(a) Bi-Directional
. Simulation
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Fig. 6.1-1 Simulated Sample Stochastic Field
((a): Bi-Directional Simulation, (b): Uni-Directional Simulation)
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Fig. 6.1-2 Isotropic Spectral Density Function

6.2 Ground Deformation Using Seismic Array

Observations

The data used in this study consist of the original accelerograms recorded
on January 29, 1981 (Event 5) by a SMART-1 seismograph array as shown in Fig.
6.2-1 installed at Lotung, Taiwan. In this study, a displacement time history along
the direction (¢ = 77° or N13°W ) which is considered to be approximately the

direction of the seismic source of this earthquake (Event 5), is computed at each
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accelerogram station from two-component data (EW and NS). The purpose of
this study is to show an example of the spatial variation of seismic ground
displacement for the analysis of underground pipelines. A more detailed

description of this study is given in a report by Harada and Oda (1984).

X, Uux

010 003

>

009 004

007

Fig. 6.2-1 The SMART-1 Array and Coordinate System
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By interpreting the displacement time history u(z,y,¢) (N13°W component)
at each station as sample functions of the uni-variate and spatially two-
dimensional time-space stochastic process f(l)(:v, y,t), and using Eq. (5.1-92), a
spatial correlation function Bw(gm,gy) was computed from the records of all the
combinations of the 17 stations, C-00, I-03~I-12, M-03~M-09 and O-04~0-09,
specifying the standard stations as C-00, M-05 and O-05. Since the computed
correlation functions approximately indicate quadrant symmetric behavior, that is,
(BW (§T,§y) =B, (él,,—{y) ), all the correlation coefficient data were plotted by

alim arrows as shown in Fig. 6.2-2.

o

Separation in X—Axis (m)
R

L
o

Correlation Coefficient
(=]
o

[ l Observed

' ‘N Approximutio;l

Fig. 6.2-2 Observed and Approximated Two Dimensional Correlations



By judging the distribution of the correlation coefficients, a simple analytical

correlation function was assumed such that

2 ¢ 2
§_T] _ [_y] (6.2-1a)

b |0

2
&
B, (6,.€,) = o, 1_2[17;] exp| - y

Whemzcmu::124CHLQ[::L131x103ngq1::&012x103HL The values of Eq.

(6.2-1) are also plotted with fat arrows in Fig. 6.2-2 indicating that the
analytical form of Eq. (6.2-1a) is approximately valid. From the Wiener

Khintchine relationship shown in Fig. 5.1-1, the corresponding power spectral

density function S (mgc,my) 1s obtained as

1T il €, +1,€)
Suu("ﬁx’&y) B (2 )2 f f Buu(fx,ﬁy)e o dfxdéy
T
o ) 2 (6.2-1b)
o’ 3, 9 b K b K
— _uu bbK, exp|— T x |l vy
T YT 2 2

A sample function of u(z,y) in the area of 22747.60 m by 19884.06 m is

shown in Fig. 6.2-3. In this example, following data are used in Eq. (6.1-1):

N =M =64
K, =10/b =8.84x10"°rad/m (6.1-1c)
Fymax = 10/ b, = 3.32x107" rad/m

It is observed from Fig. 6.2-3 that there is relatively rapid variation

along the z axis (N13°W : seismic source approximate direction) compared
with the variation along the y axis. From the number of peaks (9) along the

z axis (22747.60 m) in Fig. 6.2-3, the apparent wave length along the z axis
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1s estimated to be about 2.5 km. Hence, the pattern in Fig. 6.2-3 indicates that
a single wave with a wavelength of approximately 2.5 km propagates in the
r direction. In fact, for Event 5 data, the other study shows that a strong
portion of the records consist of a wave with frequency of approximately 1.2
Hz and that it propagates in the z direction with a speed of about 3 km/s
(Bolt, et.al. (1982)) indicating a wavelength of 2.5 km (3/1.2). This result is
quite consistent with the variation pattern shown in Fig. 6.2-3.

In Fig. 6.2-3, the correlation distance (1897.4 m) means the length
where the correlation of stochastic fields is very high (Harada and Shinozuka

(1986)).

Fig. 6.2-3 A Sample Function of u(z,y) (Event 5, SMART-1 Array )
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6.3 Spatially Two Dimensional Homogeneous

Non-Stationary Stochastic Wave
By extending the two-dimensional power spectral density function

S (/-ex,f-iy) given by Eq. (6.2-1b) in conjunction with the wave propagation,

the power spectral density function of u(z,y,t) may be modelled such that

Suu(lix,liy, )= SUU(FLI,/{y)(S(w — g(mz,my))
2

g(/{z,/iy) =Ck = C,’f{i + K,

(6.3-1)

where C 1isthe speed of wave propagation and we assume here C' = 640m/s

for an example of simulation of wu(z,y,t). Due to the wave propagation, the
frequency 1s related with the wave numbers such as w = Ck that 1is, the
frequency is determined by the wave numbers. In this model, the
predominant frequency is approximately 0.26Hz (=640/2500) because the
wavelength of z direction is about 2.5km from Section 6.2 or Fig. 6.2-3. It

is noted here that if we assume C = 3,000m/s, the predominant frequency is

about 1.2Hz (3000/2500) as the observed data of Event 5.

We introduce the evolutionary power spectrum Suu(“z’“va7 t) of a

spatially two-dimensional homogeneous, non-stationary stochastic wave as

Suu('%m’ﬁ » Wy t) :| A(w7 t) |2 S (’{x"‘i (,d) (63'2&)

Y [ y?

For this example, the modulating function A(w,t) is assumed as

exp(—0.25¢) — exp(—(0.3765w + 0.251)¢)

. - (6.3-2b)
exp(—0.25¢") — exp(—(0.3765w + 0.251)¢)

Alw,t) =
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* ., . . . . .
where ¢ 1ndicate the time instant at which assume a maximum value as a

function of time;

;+_ In(0.3765w + 0.251) — In0.25 (6.3-20)

0.3765w + 0.001

Figure 6.3-1 shows the modulating function used in this numerical example
indicating the higher frequency is predominant in the early time, while the

lower frequency is involved in the later time.

25

Time

Modulating Function A(w ,t)

Frequency

Fig. 6.3-1 Modulating Function A(w,t)

Similar to Eq. (6.1-1), the spatially two-dimensional homogeneous non-

stationary stochastic wave can be simulated using the following expression,

21 At g5, ) B S, (5,0, ), drs, %

N M n’ ym
u(z,y,t) = \/52 Z cos(k, T + Byl — 9k, s mym)t + 4, )+ (6.3-3)
n=1m=1 /
cos(k, T — Byl — 9k, s mym)t + )

where the same parameters given by Eq. (6.1-1c) are used.
The stochastic wave is now simulated, using Eq. (6.3-3), over a 10 km

by 10 km area as shown in Fig. 6.3-2.
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Displacement u(x,y,t)

Fig. 6.3-2 Simulated Stochastic Wave at 4 Equispaced Time Instants

The simulation is performed at 12 equispaced time instants, 0.5 sec
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apart from each other, and shown in Fig. 6.3-3 at 4 equispaced time instants.

It 1s clearly observed in 4 plots that there is relatively rapid variation
along the z axis compared to the variation along the y axis, as shown in
Fig. 6.2-3 previously. From the number of peaks (4) along the z axis, the
apparent wave length along this axis is estimated to be around 2.5 km similar

to that of Fig. 6.2-3.
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7. ESTIMATION OF SPECTRAL DENSITY FUNCTION

In the previous Chapters 5 and 6, the spectral representation of
stochastic fields and the numerical examples are presented if the power
spectral density function are given. Hence the estimation of the power
spectral density function is necessary to simulate the stochastic fields. In this
Chapter, the estimation method of the power spectral density function from a
set of discrete data equally spaced (1) one-dimensional case, (2) two-
dimensional case, and (3) a set of discrete time space data not equally spaced
such as a seismic array data where the many seismographs are usually

mstalled on the ground surface not equally spaced.

7.1 Bi-Variate, One-Dimensional Case

We consider the estimation of a spectral density function from the finite
length real valued records f(z) and g(xz) with zero mean defined in the
range 0<z<1L.

The finite range Fourier transform can be defined such that (Bendat and

Piersol (1971)),

j(x)e " dx,  j=f.g

1

\8 o%h

FJ w, D" dr (7.1-1)

(D)

Assuming that f(z) and g¢(z) aresampled at N equally spaced points with

27
Fi(—k,L) =

Y
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distance dxr =L / N apart, then f(z) and g(z) can be expressed as

j(n) = j(ndz) n=12--- N (7.1-2a)

For arbitrary «, the discrete version of Eq. (7.1-1) is

N .
F\(k,L) = dz) " j(n)e™ """ (7.1-2b)
n=1

The usual selection of a discrete wave number for the computation of F;.(H;, L)

18

2 2
=p—=p— = pdk, =12---,N (7.1-3a)
T =P L dea: pars, b

At these wave numbers, Eq. (7.1-2b) can be written as

2
_;2mpn

N
F}(/{p7L) - dmzlj(n>e N y P= 1727"'5N (71_3b)

On the other hand, for large L, the covariance function may be

estimated by

(7.1-42)

Recalling the Wiener Khintchine relationships, the power spectral density

function S (k) may also be estimated by

L

S (k)= i f R, (&)e™"d¢ (7.1-4b)
—L

Equation (7.1-4b) is also written substituting Eq. (7.1-4a) into Eq. (7.1-4b) as
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1
27TL

0
f fj(m+§)k‘(x)dm]em5d§ +

(7.1-4¢)
1

onL

JIJ j(a:+£>k<x)dw]e“fd£

0

By changing the region of integration as shown schematically in Fig. 7.1-1
from 0<2<L~-L<¢(<L) to (0<z2<L0<B<L) wheref=x+¢, and

d¢ = dS, the above integral can be expressed as

0 L L L—¢
ffdxd§+ffdxd§ ffda:dﬁ (7.1-5)
=£
S 3
F 3
L L
X 0 X
L
L
(@) (z,¢) Region (b) (z,8) Region

Fig. 7.1-1 Region of Integration

Hence, Eq. (7.1-4c) becomes, accounting from Eq. (7.1-5), such that

L L
o 1 . —ik0 KX -
Suls) =5 — [ i(Be %43 { k(z)e"™ dv (7.1-62)
Recalling Eq. (7.1-1), Eq. (7.1-6a) can also be expressed as
1
SM@Z;;Q@DFﬁi) (7.1-6b)
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At the discrete wave number, Eq. (7.1-6) is expressed using Eq. (7.1-3b)

as follows:
1 1 N _i27rpn 1 N i?ﬂpn
_ R | ; N || N -
Sk, = pdr) = —l¥ Zl j(n)e ~ nzlk(n)e (7.1-7a)
If j =k, Eq. (7.1-7a) reduces to
111 N _2,27rpn 2
_ N ; N -
Sk, = pdr) = Iy nzz:lj(n)e (7.1-7b)

Equation (7.1-7) are suitable for the estimation of the power spectral density
function via finite Fourier transforms using the Fast Fourie Transform (FFT)

technique.

7.2 Bi-Variate, Two-Dimensional Case

Using the procedures similar to those for the bi-variate, one-
dimensional case described in the previous section, we describe the
estimation of the power spectral density function for the bi-variate, two-
dimensional, real valued stochastic fields f(z,y) and g(z,y), defined in the

finite regions 0 <z < L, and 0 <y < Ly.

Finite range Fourier transform for the two-dimensional case can be

defined such that
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L

Y

L’17

‘ . —z’(n-zz-i—rzy ) .
Fj(“x,ﬁy,Lx,Ly):ffJ(x,y)e Vdady, j=f.g

0 0

oo X0

i(HTI+HU ) }
ffFj(ﬁx,my,Lx,Ly)e s s, (7.2-1)

F}(—/{I,—/{y,Lx,Ly) =F, (HI,liy,Lx,Ly)

and, at discrete wave numbers and locations, Eq. (7.2-1) can be expressed as

N M _i[27rpn+27rqm]
. N M
F}(mxp,/iyq,Lx,Ly) = dxdyz_:l Z_:lj(n, m)e (7.2-2a)
where p=12---N,gq=12,---,M and
L
dr = =%, dy=-%L
N M
21 2
K =p—= = pdk (7.2-2b)
w =P T PNag P
I
vq qL quy qar,

For large L]:"Ly’ the covariance function Rjk(gz,fy) may also be

estimated by
For 0<¢ <L and 0<¢, gLy:

L ¢ Ly_sy
1 “r° .
Ry&o&) =77 [ | d+ &yt & y)dudy (7.2-3a)
Ty 0 0

For -, <¢ <0 and 0<¢g <L;

L, Ly—fy
Ry (&,08,) = ﬁ [ [ i@+ &y + & Mlay)dudy (7.2-3b)
ey —¢ 0

For -, <¢ <0 and —Ly§§y§01
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1
LL

Ty —

L
f §(@ + &y + & ol y)dady (7.2-3¢)
gy

R, (€,.€,)

m%:“

For ngngx and _Lygg <0:

Y

L—¢ L

Ry(6p )= [ [ e+ &yt & Ma)dedy (7.2-3d)
_5.7/

™y
Recalling the Wiener Khintchine relationships, the power spectral

density function S].k ("%’“y) may be estimated by

1 T Yy i EI&I Ké‘)
Sulim) =—= [ [ Ry(g.8)e " ag de, (7.2-4)

Substituting Eq. (7.2-3) into Eq. (7.2-4) and taking into account the following

relationship similar to Eq. (7.1-5) with B, =z+ §x,ﬂy =Y+,

LLLL

J [ ] [ asivas,as, —ffdxdﬂ ffdydﬁ

0000
L, L—¢,

L
f dyde, + f f dyde,

Il
—-c
gbh

|
h

|
A

%Hh

|
—e
INHO
|
i :ﬂlﬂ%y
|

dxdydf de, + } f
0

dxd£ +f Tfrdxdg x[}
LLy
|
€

~

= <
|

gz/‘f\

[ dedyde. de, f f f [ deayac, ae,
0 0

= %&h
e—oc &
o

|
~

I

y

(7.2-5)

Equation (7.2-4) is also expressed as
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L L
( E —i(k B +K [
R N R e X
S. (k. k)= 0 0
Jk( v y) (27T)2L L L L, i(r ) (7.2-6a)
/ ffk;(x,y)e o dxdy
00
Substitution of Eq. (7.2-2a) into Eq. (7.2-6a) yields
1 x
Sjk(fix,/iy) =——F( x?“y’vaLy)Fk (lﬂix,l{y,Lx,Ly) (7.2-6b)

2 j
(2m) LILy

At the discrete wave number, Eq. (7.2-6b) is expressed using Eq. (7.2-2)

as follows:
— j(n,m)e X
1 NM n=1m=1
jk(mxp,fiyq) = (30om 2mem (7.2-7a)
dr _dk N M 2mpn | 2mgm
S | E:Zk:(nm)eZ N T
NM n=1m=1 ,
If j =k, Eq. (7.1-7a) reduces to
1 1 N M 77:[27rpn+27rqm] 2
) N M .
S]']'(’%!I;p’,iyq) = dr dk Wzl le(na m)e (72 7b)
€T Y n=1m-=

By utilizing Eq. (7.2-7) together with the FFT technique, the power spectral

density function S (K

Ip,fcyq) can be efficiently estimated from a set of

discrete data equally spaced dr=1L_ /N,dy= L /M in the region

OSxSannd OgygLy.
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7.3 One-Variate, Time Space Ground Surface Array Data

We consider now the time space function f(x,y,t)(= f(l)(:c, y,t)) as the
observed seismic array records. These records are not usually observed in equally
spaced array. Herein, we describe the two estimation methods of the power
spectral density function from the array data; (1) Conventional method and (2)

High resolution method by Capon (1969, 1973).

In this section, the real valued continuous time space function

f(x,t)(= f(x,y,t)), 2 = (z,y) of finite time 0 <t <T, and finite space regions

0<z<L=0<z<L,0<y< Ly) where L = (anLy) are expressed such as

0 t<0,z<0
f(z,y,t) = frp(2,1) 0<t<T,0<xz<L (7.3-1a)
0 T<tL<z

and the frequency wave number spectrum of f., (x,t) is defined as

w) = 7 7 7 Fop (@ t)e™ F N gy

(7.3-1b)

Fop (@ e 7 T jFTL ko=t ghodw

where k= (Kx,lﬁ:y) and w mean the wavenumber vector and frequency, and

k-x=rx TRy By the above definitions, the complex conjugate Fourier

spectrum is given by
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(7.3-1c¢)

(1) Conventional Method

Denoting the observed seismic data f (t) = f(z ,y, ,t)from seismograph

located on ground surface (z ,y ),n =1,---N.Then, these Fourier spectra can

be estimated by

(7.3-2a)

T .

Fl(w)= [ £, dt
0

By defining the vector of these Fourier spectra such as

F(w) F ()
F(w * E

F(w) = 2? ) , F(w)=]|"2 :(w) (7.3-2b)
Fy(w) Fly(w)

Then the frequency wave number spectrum of continuous time space function

f(z,y,t) = f; (z,t) is given approximately by the weighted sum with complex

weight W such as
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(7.3-3)
E (kw)=> W F (we**

By extending Eq. (7.2-6b) of two-dimensional function, the power spectral
density function S, (k,w) of time space function f, (z,t) is given by

1

S (kuw)=——"—
r (27T)3L LT

E,, (k,w)E,, (k,w)

W W'F (WF (w)e *@ %) (7.3-4a)
(27r ) L,LT mzlnzl

:m‘wv (k)S(w)U (k)W "

where U(k) means the array wave number vector as

I/Vl eik‘ml e—ik»ml
w. ik~z2 . —ik:-a:2
w=|"2 k=", |, Uk=|°
WN eik-wN efik»wN
(7.3-4b)
U*T (k) — (e—ik‘:l:l e—ik~332 e—ik‘:BN)

and S(w) is the cross power spectral density function matrix defined by
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F(w)
| BW) |, ] ]
-1 @ B - Bw)
Fy(w)
S, (w) S, (w) - S y(w)
_ 5'21.(w) 5'22'(w) : 521\{(”)
Svi(@) Sy(w) - Syy(w)

(7.3-4c)

By the definition, S(w) is the Hermitian matrix.

Now the conventional estimation of power spectral density function is

obtained as follows, by using the wight W =1 /N,

1

(27)*L,L, TN* U (k)S(@)UH) (7.3-5)

SS (k,w) =

(2) High Resolution Method

This method proposed by Capon (1969, 1973) uses the different weight

W (k,w)=W (w) as a function of frequency wave number from the

conventional method. To show the derivation of this method, the power

spectral density function S, (k,w) given by Eq. (7.3-4a) is rewritten as,
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N N _
=CY D W, (@)W, (@)S,,, (we 1) (7.3-6a)
m=1n=1
= CW T (w)S(w)W (w)
where
C - 31 ’ gmn (w) = Smn(w)e_ik.(mm _mn) (73_6b)
(2n)’ L, LT

The weight W (k,w)=W (w) is determined by the satisfying the

following two conditions;

() k=k,: MnW " (w)SwW(w)) (7.3-7a)
N

®) b=k : > W (k,wF(w) =Fw —1Ww=1 (7.3-7b)
n=1

where k; is the wave number vector of the direction of wave propagation and

E

,(w)1is the Fourier spectrum of the beam formed signal f(¢) obtained by the

weighted delay and sum beamformer method (Capon (1969, 1973), Harada

and Motohashi (2021)).
By employing the method of Lagrange multiplier, the weight satisfying
Egs. (7.3-7a) and (7.3-7b) can be obtained by minimizing the Lagrange

function as follows:
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m=1n=1 m=1
(7.3-8a)
=W T (W)S(WW(w) — XZTW' (w) —1)
and
8L<W:) =0 (7.3-8Db)
oW,

In Eq. (7.3-8a) we use the relationship that the condition given by Eq. (7.3-

7b) is also written as 1" W~ (w) =1 for complex conjugate weight.

From Egs. (7.3-8a) and (7.3-8b), the weight can be obtained as follows.

8L(W):iv:§:5, w |y iawm
a W* m=1n=1 . 8 I/I/>k " n=1 a W*
l l l
N ~
= S W )=\ (7.3-9a)
In""n
n=1

In deriving the righthand side of Eq. (7.3-9a), we use the relationship as

follows.

ow' |1 m=1
EALT b (7.3-9b)

1o m=1

o,
Substitution of the weight obtained in the last term of Eq. (7.3-9a) into Eq.

(7.3-7b) yields the unknown parameter as
A=1"S Hwi)™ (7.3-9¢)

It is noted here that 17§ '(w)1 is a scalar quantity.
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From Egs. (7.3-9a) and (7.3-9¢c), the optimal weight is obtained such as

1
Wop () = ‘? A (7.3-10a)

W' ST w)n™!
When we represent the element of the inverse of power spectral density

function matrix S '(w) as G, (w), then Eq. (7.3-10a) can be expressed such

as

W, () = 2= (7.3-10b)

The above equation for the optimal weight is the same of that derived by
Capon (1969, 1973).

By substituting Eq. (7.3-10a) into Eq. (7.3-6a) and taking account for the
scalar quantity 1T§*1(w)1, the high resolution of frequency wave number

power spectral density function can be obtained such as

Sy (kyw) = CW' T (w)S(w)W (w)

11§ W) g

=C " =
17 (ST (w) 1 175 (w)1

(7.3-11a)
=01 S Hw))™

= (U T (k)S (W)U (k)™

In deriving the above equation, we use the following relationship,
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N N A
157 w1 =35 Hwpe * @)
m=1n=1

(7.3-11b)
=U T (k)S Hw)U(k)

From Eq. (7.3-11a), the high resolution of frequency wave number power

spectral density function can be written such as

1
(2m)°L,L,T

x

SHE (k,w) = (U T (k)S  (w)UK) ) (7.3-12)
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8. SUMMARY

A new version of the simulation equations for bi-variate two-
dimensional stochastic processes is described which is consistent with the
spectral representation of homogeneous stational stochastic fields. The new
version 1s taken account for the concept of quadrant symmetry. Also, the
characterization of bi-variate spatially two-dimensional time-space stochastic
processes 1s presented with a numerical example based on the analysis of
seismic array records in Taiwan (SMART-1). Finally, the essentials for
estimating the power spectral density function of bi-variate two-dimensional
stochastic processes from a set of measured data in finite regions are
presented. Also, the estimation method of the frequency wave number power
spectral density function from the seismic array records.

For simplicity in this study, we discuss bi-variate one-dimensional
processes, bi-variate two-dimensional processes and bi-variate spatially two-
dimensional time-space processes. However, the results may be easily
extended to multi-variate multi-dimensional processes by following the same
procedures as those used in this study. In fact, Shinozuka (1987) presented

the simulation equations for the multi-variate multi-dimensional processes.
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